

























We find a solution in ungauged N = 2 supergravity theory in five dimensions representing
black 2-branes coupled to the full set of the universal hypermultiplet fields. We show that it is
a member of a family of BPS solutions satisfying (Poincare´)3 × SO (2) invariance. We discuss
the interpretation of these solutions as the dimensional reduction of M-branes as well as their
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1 Introduction
The search for nonperturbative solutions of string/supergravity theories is an open problem in
theoretical physics research with various important applications. For example interest in N = 2
branes, our focus in this paper, soared in recent years because of their relevance to the conjectured
equivalence between string theory on anti-de Sitter space and certain superconformal gauge theories
living on the boundary of the space (the AdS/CFT duality) [1]. Some solitonic solutions in D =
4, 5 also allow for interpretation as the dimensional reduction of branes wrapping supersymmetric
cycles of manifolds with restricted holonomy. For example, M-branes wrapping Ka¨hler-calibrated
cycles of a Calabi-Yau 3-fold M [2] dimensionally reduce to black holes and strings coupled to
the vector multiplets of five dimensional N = 2 supergravity [3], while M-branes wrapping special
Lagrangian calibrated cycles reduce to configurations carrying charge under the hypermultiplet
scalars [4, 5, 6, 7]. Studying how higher dimensional results are related to lower dimensional
ones may eventually provide clues to the explicit structure of the compact space and the choice
of compactification mechanisms, thereby contributing to more understanding of the string theory
landscape.
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An abundance of work on gravitating solitonic solutions of N = 2 supergravity (SUGRA) in
four and five dimensions exist in the literature. One notes, however, that most of these study
couplings with the vector multiplets sector (for example, see [8, 9, 10, 11, 12, 13, 14, 15]). In
contrast, hypermultiplets-coupled solutions are quite rare (e.g. [16, 17, 18, 19]). As such, this
paper is one in a series intended to filling this gap as well as generalizing previous results [6].
The relative rarity of hypermultiplets-related work may be ascribed to the fact that the scalar
fields of the hypermultiplets sector parameterize a quaternionic manifold, which is generally difficult
to deal with. Luckily there exists a duality transformation, known as the c-map, which relates the
D = 5 hypermultiplets’ quaternionic structure to the more well understood D = 4 special Ka¨hler
structure parameterized by the four dimensional vector multiplets (e.g. [20, 21]). This means
that one can use the techniques of special geometry, usually reserved for the vector multiplets, to
study the hypermultiplets and classify their brane-coupled behavior. This was first performed in
[22, 23], where instanton solutions of Euclidean N = 2 D = 5 supergravity were found using special
geometry methods. The 2-branes we have studied in [6, 7], as well as the new results in this paper,
are magnetically dual to these instantons. The general topic of N = 2 instantons was studied in
various sources (see [22] and the references within).
In this paper, we use a general approach based on symmetry to derive a new solution repre-
senting D = 5 2-branes coupled to the universal hypermultiplet and explicitly show that it belongs
to a family of five solutions satisfying those symmetries. We discuss the interpretation of these
results as the dimensional reduction of certain M-brane configurations and propose further study.
This work is closely related to previous research on N = 2 instantons and some of our conclusions
overlap with those of, for example, [22].
2 Five dimensional N = 2 supergravity
The form of the ungauged N = 2 supergravity theory living in five dimensions may be understood
in geometric terms by considering it as the dimensional reduction of D = 11 supergravity over
supersymmetric cycles of a Calabi-Yau 3-fold M. The resulting theory exhibits a surprisingly rich
structure that follows directly from the intricate topology of the compact space. The matter content
of the theory is composed of (h1,1 − 1) vector multiplets and (h2,1 +1) hypermultiplets [24, 25, 26,
27, 28]; the h’s being the Hodge numbers of M. These two sectors decouple such that one may
consistently set one of them to zero. Furthermore, compactification over a rigid Calabi-Yau with
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constant complex structure moduli (h2,1 = 0) excites only the so-called universal hypermultiplet
(UH), which is the only one we keep in our presentation. We will use the following notation: The
volume form is related to the totally antisymmetric Levi-Civita symbol by εµ1µ2···µD = eε¯µ1µ2···µD ,
where e =
√
det (gµν) and ε¯012··· = +1.
In what follows, we use the formulation of [22]. The bosonic fields of D = 11 supergravity













A ∧ F ∧ F . (1)
The D = 5 couplings of gravity to the universal hypermultiplet follow from eleven dimensional
















F = dA = 1
4!
FLMNP dx
L ∧ dxM ∧ dxN ∧ dxP + 1√
2
(
dχ ∧ Ω+ dχ¯ ∧ Ω¯) , (2)
where ds2CY is a fixed Ricci flat metric on the Calabi-Yau spaceM and Ω is the unique holomorphic
3-form onM. The D = 5 fields of the universal hypermultiplet are the real overall volume modulus
σ of the Calabi-Yau space, the D = 5 3-form gauge potential A and the pseudo-scalar axions
(χ, χ¯). The dual to A is a scalar field known as the universal axion a. The UH scalars (σ, a, χ, χ¯)
parameterize the quaternionic manifold SU(2, 1)/U(2) [29, 30]. The D = 5 action is then found to















F ∧ (χdχ¯− χ¯dχ). (3)
The equations of motion of σ, A and (χ, χ¯) are, respectively:
























































These equations were found using the least action principle in the usual way, however one can



















The form of equations (5) and (7) is suggestive. It implies that the quantities inside the
derivatives are conserved currents, which one may write as 1-forms as follows:
J2 = e−2σ ⋆ F + i
2
(χdχ¯− χ¯dχ)
J5 = eσdχ+ iχ ⋆ F, J¯5 = eσdχ¯− iχ¯ ⋆ F, (8)
where ⋆ is the five dimensional Hodge operator. These are, in fact, conserved Noether currents.








These charges (more accurately charge densities) correspond to certain isometries of the quater-
nionic manifold SU(2, 1)/U(2) as discussed in various sources [29, 30]. From a five dimensional
perspective, they can be thought of as the result of the invariance of the action under certain
infinitesimal shifts of A and (χ, χ¯) [22, 23]. The geometric way of understanding these charges
is noting that they descend from the eleven dimensional electric and magnetic M-brane charges,
hence the (2, 5) labels1. M2-branes wrapping special Lagrangian cycles ofM generate Q2 while the
wrapping of M5-branes results in non-vanishing
(Q5, Q¯5). We will further discuss the implications
of this to our work later in this paper.
Finally, the full action is invariant under the following set of supersymmetry (SUSY) variations:
δψ1M = (∂M ǫ1) +
1
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δψ2M = (∂M ǫ2) +
1
4






































where ψ and ξ are the gravitini and hyperini fermions respectively, the ǫ’s are the N = 2 SUSY
spinors, ω is the spin connection and the hatted indices are frame indices in a flat tangent space.
1This is the reverse situation to that of [22], where the (dual) Euclidean theory was studied.
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3 The ansatz and other preliminaries
Our purpose is to construct a general ansatz for the metric and the hypermultiplet fields that
satisfies the symmetries assumed. The most general form of a metric satisfying (Poincare´)3×SO (2)
invariance in D = 5 is:
ds2 = e2Cσ(r)ηabdx
adxb + e2Bσ(r)δµνdx
µdxν , a, b = 0, 1, 2 µ, ν = 3, 4, (12)
where C and B are constants to be determined, (x1, x2) define the directions tangent to the brane
and (x3, x4) those transverse to it. From the point of view of the (x3, x4) plane, the brane appears
as a point and one may construct ordinary polar coordinates (r, θ) in the plane with the brane at
the origin, such that r = (δµνxµxν)
1/2 and tan θ = x4/x3. It turns out however that the constant
C is constrained to vanish by both the Einstein equations and the SUSY condition2 δψ = 0, we




In addition, we adopt the simplifying, and physically reasonable, assumption that the fields
of the universal hypermultiplet can be expanded in terms of a function H(r) harmonic in the
transverse directions:
δµν (∂µ∂νH) = 0 → H (r) = 1 + q ln(r), (14)
where q is related to the charges of the dimensionally reduced M-branes. One notes as well that it
is possible to generalize this ansatz to a multi-centered solution simply by redefining:
H (x− xi) =
N∑
i=1
(1 + qi ln |x− xi|), (15)
where x is the arbitrary position vector in the (x3, x4) plane and xi are the position vectors of a
number N of 2-branes, each carrying a charge qi. The presence of such harmonic functions is well
understood in the literature as characteristic of supersymmetric Bogomol’nyi-Prasad-Sommerfield
(BPS) solutions. They also indicate that the multi-centered version of the solution satisfies a
Newtonian ‘no-force’ condition (an example in the case of five dimensional black holes is [33]). Our
ansa¨tze for the universal hypermultiplet fields then have the general forms:











2This is no surprise, since δψ = 0 automatically satisfies GMN = 8piTMN [32].
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where n, m, p, κ and ω are constants to be determined, ϕ is an arbitrary phase angle, and the
tensors f νµ and l
ν




µ . This last allows the fields A and (χ, χ¯) to have either
radial or angular dependencies. We will see that certain combinations of f and l are not allowed3,
for example one cannot have a solution with f = l = δ, which means that A and (χ, χ¯) cannot all
be non-vanishing and purely radial at the same time.
The solutions we seek are black 2-branes satisfying the BPS condition, breaking half of the
supersymmetries of the theory. This is guaranteed by the vanishing of the variation of gravitini
and hyperini backgrounds, i.e. δψ = 0 and δξ = 0. In addition, we will use the UH field equations,
as well as Einstein’s equation GMN = 8πTMN , to find constraints on the unknown constants in the









δµν (∂ρσ) + δ
µ
ρ (∂νσ)− δνρδµα (∂ασ)
]
, (17)
resulting in the following spin connections and covariant derivatives:


















as well as the Dirac matrices projection conditions4:
Γµˆνˆǫs = bsε¯µˆνˆǫs, s = (1, 2), bs = ±1
Γ νµ ǫs = bsε¯
ν
µ ǫs, Γ
µǫs = −bsε¯ µν Γνǫs. (19)
Finally, the Einstein equations have the following components:
Gab = Bηabe

































+eσ (∂µχ) (∂νχ¯)− 1
2
eσgµν (∂
αχ) (∂αχ¯) . (20)
3For simplicity’s sake we will, from this point onward, drop the indices (µ, ν) off of the tensors f νµ and l
ν
µ when
they appear in the body of the text.
4The Einstein summation convention is not used over the index s.
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4 Deriving the solution
We systematically go through the field equations, inserting the ansa¨tze and keeping track of the
cases that arise due to the specific choices of f and l. The σ equation of motion (4) gives:
nδµν (∂µ lnH) (∂ν lnH) +m
2κ2H(m−n)δµν (∂µ lnH) (∂ν lnH)
+p2ω2H(n+2p)δµν (∂µ lnH) (∂ν lnH) = 0, (21)
irrespective of the choice of f and l. This is clearly satisfied provided that:
m = n, p = −n
2
n+m2κ2 + p2ω2 = 0. (22)
The first two relations of (22) in particular arise in most of the other field equations. Combining
all three together, our first algebraic constraint is hence5:
1 + nκ2 +
n
4
ω2 = 0. (23)
Next we look at equation (5), this gives:
mκ (m− 2n − 1) fµν (∂µ lnH) (∂ν lnH) = 0, (24)
which is automatically satisfied for f = ε¯. If, however, the choice f = δ is implemented, we find:
κ (n+ 1) = 0, (25)
clearly satisfied for either κ = 0 (i.e. vanishing F ) or n = −1. Furthermore, the Bianchi identity
on F is satisfied if f = δ, but requires
κ (n− 2Bn− 1) = 0 (26)
for f = ε¯. The χ equation (7) yields:






(∂µ lnH) (∂ν lnH) = 0, (27)
with a similar equation for χ¯. The conditions for (27) to be satisfied depend on f and l in the
following way:
5Excluding the trivial case n = 0, which simply gives the flat Minkowski spacetime with vanishing hypermultiplets.
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1. f = l = δ: ω (n− 2) = 0
2. f = l = ε¯: Identically satisfied
3. f = δ, l = ε¯: ωκ = 0
4. f = ε¯, l = δ: B = 0, ω (n− 2) = −i2nωκ











while Gµν = 8πTµν results in:
n2
2









αβ (∂α lnH) (∂β lnH)− 1
2
p2ω2δµνδ





ν (∂α lnH) (∂β lnH) + p
2ω2l αµ l
β
ν (∂α lnH) (∂β lnH) = 0. (29)
This equation yields four algebraic conditions corresponding to the possibilities:
1. f = l = δ: 1− κ2 + 12ω2 = 0
2. f = l = ε¯: 1 + κ2 − 12ω2 = 0
3. f = δ, l = ε¯: 1− κ2 − 12ω2 = 0
4. f = ε¯, l = δ: 1 + κ2 + 12ω
2 = 0
Solving all the algebraic conditions together under the four possible choices of f and l yields
exactly five solutions:
A ) Flat Minkowski spacetime with constant axions:
ds2 = ηMNdx
MdxN , σ = lnH
F = ±iε¯ νµ (∂νH) dt ∧ dx1 ∧ dx2 ∧ dxµ, dχ = dχ¯ = 0. (30)
B ) Flat Minkowski spacetime with constant 3-form field:
ds2 = ηMNdx

















C ) 2-brane with constant axions
ds2 = ηabdx
adxb +Hδµνdx






dt ∧ dx1 ∧ dx2 ∧ dxµ, dχ = dχ¯ = 0. (32)
D ) 2-brane with constant 3-form field:
ds2 = ηabdx
adxb +H4δµνdx
µdxν , σ = −2 lnH, F = 0
dχ = ±
√
2ε¯ νµ (∂νH) e
+iϕdxµ, dχ¯ = ±
√
2ε¯ νµ (∂νH) e
−iϕdxµ. (33)





































Of these, only the last solution is completely new and represents the most general way a D = 5
2-brane can couple to the universal hypermultiplet fields, given the assumed symmetries. Later,
we will discuss the relationship of this family of results to previous work as well as their geometric
interpretation in terms of the dimensional reduction of M-branes.
5 Supersymmetry
We now look at the SUSY variations (10) and (11) and verify that δξ = δψ = 0 as required. From
δξ = 0 we get:
(∂µ lnH) Γ
µǫ1 − iκ (ε¯µνfµα) (∂α lnH) Γνǫ1 − ω√
2
e+iϕl νµ (∂ν lnH) Γ
µǫ2 = 0
(∂µ lnH) Γ
µǫ2 + iκ (ε¯µνf




e−iϕl νµ (∂ν lnH) Γ
µǫ1 = 0, (35)
after using the projections (19) in the appropriate locations. Moving on to δψ = 0, we note that


















(∂aχ)ǫ1 = 0, (36)
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which is further confirmation, other than Einstein’s equation, that the constant C in (12) is zero,
since otherwise there would be a non-vanishing C-dependant term in (36). The µ’th components
give:






να) (∂α lnH) ǫ1 +
ω√
2
e+iϕl νµ (∂ν lnH) ǫ2 = 0






να) (∂α lnH) ǫ2 − ω√
2
e−iϕl νµ (∂ν lnH) ǫ1 = 0. (37)
The solutions in the last section are then BPS and supersymmetric if there exit Killing spinors
satisfying (35) and (37) in terms of constant spinors (ǫˆ1, ǫˆ2) for each case as follows:
A ) For the case (30): ǫs = H
± 1
2 ǫˆs s = (1, 2)
B ) For the case (31): ǫs = H
−1ǫˆs, ǫˆ1 = ±ie+iϕǫˆ2
C ) For the case (32): ǫs = ǫˆs
D ) For the case (33): ǫs = ǫˆs, ǫˆ1 = e
+iϕǫˆ2















































6 M-branes and instantons
Clearly, given the assumed symmetries, the five solutions derived in §4 are the only possibilities.
Only one of them; (34), allows for the presence of all the UH fields while the other four require the
vanishing of either F or (dχ, dχ¯). The M-brane interpretation goes as follows: For vanishing F ,
only the charges (Q5, Q¯5) are turned on6, signifying that the solution represents the dimensional
reduction of M5-brane configurations wrapped over special Lagrangian cycles of M, while the
vanishing of (dχ, dχ¯) leaves behind Q2 only, meaning that the solution is the dimensional reduction
of M2-branes. We have verified this in references [6] and [7] (with more details in [31]). In the first
6As may be directly verified by calculating the charges based on (9).
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reference in particular, it was explicitly shown that the dimensional reduction of a single M2-brane
down to five dimensions over a rigid Calabi-Yau manifold (h2,1 = 0) gives exactly the solution (32),
while the dimensional reduction of a certain M5-brane configuration (which was derived using the
calibrations technique) gave the solution (33)7.
The appearance of the two flat spacetime solutions (30) and (31), clearly not 2-branes, is not
surprising for two reasons: Firstly the only restriction we imposed on the metric is that it satisfies
(Poincare´)3×SO (2) invariance, and the Minkowski metric certainly does. Secondly, by inspection,
one sees that there is a certain ‘symmetry’ between the solutions (30, 31) and (32, 33). The
relationship between them can be seen in the following way: perform a Wick rotation t → ix0 on
(30, 31) and allow the function H to be harmonic in all space, to get:
A ) Euclidean space with constant axions:
ds2 = δMNdx
MdxN , σ = lnH
F = ± 1
4!
ε¯ RLMNP (∂RH) dx
L ∧ dxM ∧ dxN ∧ dxP , dχ = dχ¯ = 0. (38)
B ) Euclidean space with constant 3-form field:
ds2 = δMNdx
















respectively, and the function H now has the form:






with the obvious generalization to the multi-centered case. These are clearly instanton solutions
of the Euclidean form of the theory. Such UH-coupled instantons have been extensively studied
in the literature, particularly for D = 4 (see for example [35, 36, 37, 38]). The first solution
(38) is the result of the dimensional reduction of Euclidean M5-branes over a rigid M and (39) is
the dimensional reduction of Euclidean M2-branes. The solutions (30) and (31) are then just the
Minkowski space representations of these instantons and are dual to the 2-branes (32) and (33).
This is the first explicit derivation of D = 5 instantons coupled to the universal hypermultiplet.
The D = 4 instantons of [35], however, are similar and should arise as the dimensional reduction
of (38) and (39) over S1.
7In [6], however, the choice ϕ=pi/2 was used.
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7 The 2-brane with full UH fields
Finally, we briefly look at the only truly new solution we found; (34). Clearly, Q2 and (Q5, Q¯5) are
non-vanishing. This implies that (34) is the result of the dimensional reduction of a configuration
of both M2 and M5-branes. In fact, and for the sake of completeness, we can rewrite (34) in terms
























where Q2 and (Q5, Q¯5) are evaluated using (9) over a unit circle for simplicity, e.g. Q2 = Q2|r=1.
Using (41) into (3) we also derive the 2-brane action:
S2brane = ±i
√
Q22 + 2 |Q5|2. (42)
This is very similar to the instanton action derived in [22]. The only major difference is that our
action is complex while theirs was real, which is expected since the metric here carries Lorentzian
signature while theirs was Euclidean; a manifestation of the duality between the two solutions.
The fact that putting Q2 = 0 or Q5 = Q¯5 = 0 does not automatically reduce (41) to any
of the other results indicates that the eleven dimensional source is not a simple sum of M2 and
M5-branes, but is rather a dyonic state carrying both M2 and M5 charges. In [39], such a solution
was found (with further discussion in [40]). In their analysis, the D = 11 metric and 4-form field
F are dependant on an arbitrary angle α such that the choice cosα = 0 reduces the solution to
a pure M2-brane whereas sinα = 0 gives the ordinary M5-brane. It may also be interpreted as a
M2-brane embedded within a M5-brane [41]. We suspect that there exists an eleven dimensional
solution that represents the wrapping of this dyonic state over special Lagrangian cycles ofM such
that, upon dimensional reduction, it yields (41).
8 Conclusion
We have found a supersymmetric solution of ungauged D = 5 N = 2 SUGRA representing BPS
2-branes coupled to the full set of the universal hypermultiplet fields. The solution is a member
of a family of five results that are the only possibilities satisfying (Poincare´)3 × SO (2) invariance.
All of these solutions can be interpreted as the dimensional reduction of certain M-brane configu-
rations wrapped over special Lagrangian cycles of a Calabi-Yau submanifoldM. Two of them are
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previously known 2-branes with vanishing M2 or M5 brane charges and the remaining two are the
Minkowski space representations of D = 5 instantons closely related to the work of [22], [35] and
others.
There are several possible paths that one can tread from here. For example, finding the eleven
dimensional dyonic M2/M5 brane configuration that results in our 2-brane would be interesting. A
starting point could be the well known (unwrapped) solution of [39]. One may also generalize our
result to include an arbitrary number of hypermultiplet fields (i.e. h2,1 6= 0) in the spirit of [6] and
[23], and/or find its eleven dimensional counterpart. Clearly all of these possibilities are intertwined
and one may easily lead into the other. An obvious obstacle would be the fact that explicit forms
of compact non-rigid Calabi-Yau manifolds do not yet exist. In other words any h2,1 6= 0 solutions
will necessarily depend on unknown functions representing the complex structure moduli and other
metric-dependant properties ofM. Despite this, one can still deduce a variety of conclusions from
the general form of the differential equations governing the unknown functions, as well as further
understand Calabi-Yau compactifications (see e.g. [3] and [7]). Furthermore, finding wrapped M-
branes may require invoking the theory of generalized calibrations; an approach that is interesting
in its own right (e.g. [2]).
Even without reference to the higher dimensional sources, one can still find interesting questions
to tackle for hypermultiplets-coupled branes. For instance, an interesting property of the 2-branes
(32), (33) and (34) is that they are asymptotically non-flat! This phenomenon has been known to
arise for p-branes where p = D − 3,D − 2 and such solutions have been dubbed ‘high branes’ [42].
It would be interesting to further explore this.
Another possibility, one more in tune with our earlier comment that hypermultiplets-related
research is lacking in the literature, would be to write down general ansa¨tze for five dimensional p-
branes satisfying (Poincare´)p+1×SO (D − p− 1) invariance and study the general properties of such
metrics and how they can couple to the UH fields or, more ambitiously, to the full hypermultiplets
sector. Some work in this direction already exists [43], [44]. This is particularly interesting in the
context of classifying p-branes in supergravity. In the future, we plan to continue explorations in
at least some of the above possibilities.
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